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We suggest inclusive hadron production in ultra-peripheral proton-nucleus collisions (UPCs)
p↑A → hAX as a new channel to investigate single spin asymmetries (SSAs), in particular, to test
the assumed dominance of the contribution from twist-three fragmentation functions. The UPC
cross sections are obtained by considering the photoproduction limit of semi-inclusive deep inelastic
scattering (SIDIS). In particular, we find simple formulas for the polarized UPC cross sections in
the collinear twist-three framework. We then numerically calculate the fragmentation contribution
to SSA in p↑A→ piAX at √s = 200 GeV and find a few percent asymmetry in the forward region.
I. INTRODUCTION
Single spin asymmetries (SSAs) are an important tool to understand the spin and tomographic structures of the
polarized proton [1–4]. For example, inclusive hadron production in p↑p collisions, where p↑ denotes the transversely
polarized proton, is one of the simplest ways to study SSA. Experimentally, largest asymmetries in p↑p were found
in the forward region [5–8]. At high Ph⊥ of the produced hadron, the collinear framework is appropriate and the
asymmetry essentially becomes a probe of the twist-3 effects, see [9] for a recent review. In particular, recent fits seem
to point to the twist-3 fragmentation functions as the dominant contribution to SSA [10, 11].
In this work we suggest to study SSA for inclusive hadron production in ultra-peripheral pA collisions (UPCs).
Currently, RHIC conducts experiments with polarized protons on a nuclear target [12, 13]. Moreover, polarized
projectile protons may be possible at the LHC in the fixed target mode (AFTER@LHC) [14, 15]. It has been shown
that the dependence of SSA on the atomic number A (or the nuclear charge Z) is sensitive to the gluon saturation
effect of the unpolarized nucleus [16–19], and this fact can be used to discriminate different mechanisms of SSAs.
However, as Z becomes large, the cross section of UPCs is parametrically similar to that of purely hadronic cross
sections, so the contribution to the asymmetry can be large and should be taken into account. In principle, and
actually in practice at both RHIC and the LHC, experimentalists can single out ultra-peripheral events since the
nuclei stays intact after the collision. Since UPC is potentially theoretically cleaner than a purely hadronic collision,
by separating it out in an experiment we may be able to get new constraints on the various nonperturbative functions
responsible for SSAs.
It should be mentioned that SSA in UPCs has been previously studied in a few specific channels. Ref. [20] suggested
that the strong Z-dependence of SSA for very forward, very low-PT neutrons observed by the PHENIX collaboration
[13] could be attributed to UPCs. In [21], SSA for quarkonia production in pA UPC was proposed as a probe of
the gluon Sivers function. In this work we instead use the collinear twist-3 framework and calculate the polarized
and the unpolarized cross section for p↑(p, S)A → h(Ph)X production, with the nuclei described by an equivalent
photon flux. In this setup, the process essentially becomes a pγ collision, similar to deep inelastic scattering (DIS) in
the photo-production limit. Our calculation will therefore rely on the existing results for SSA in semi-inclusive DIS
(SIDIS) e(l)p↑(P, S) → e(l′)h(Ph)X coming from the twist-3 quark-gluon-quark distribution [22, 23], from twist-3
fragmentation function [22, 24–27] and from twist-3 gluon distribution [28]. Keeping the detected hadron transverse
momentum Ph⊥ to be large, we can take the photoproduction limit Q2 → 0, where q2 = −Q2 is the photon virtuality.
In this limit the SIDIS results collapse to a remarkably simple form.
We consider inclusive pion production, p↑A → piX, at √s = 200 GeV and numerically calculate the asymmetry
assuming that the forward region is dominated by the twist-3 fragmentation contribution. We use the recent extraction
of the transversity and the pion twist-3 fragmentation functions from [29]. We only consider the so-called direct photon
process. The contribution from the resolved photon process may not be negligible in the forward region of the polarized
proton (backward region of the photon) [30], but this may be eliminated by requiring additional cuts in the final state.
This paper is organized as follows: in Sec. II we give the main formula for the spin independent cross section as well
as a brief review of the relevant kinematics. The formulas for the spin dependent cross section are given in Sec. III.
In Sec. IV we present the numerical results and in Sec. V we give our conclusions.
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2II. SPIN INDEPENDENT CROSS SECTION
In this Section we will take the known SIDIS e(l)p(P ) → e(l′)h(Ph)X cross section as calculated in [31], see also
[23], and adapt it to the Q2 → 0 limit suitable for describing UPCs. The SIDIS kinematic variables are defined as
Sep = (P + l)
2 , xbj =
Q2
2P · q , Q
2 = −q2 = (l − l′)2 , zf = P · Ph
P · q , (1)
where Sep is the lepton-proton center of mass energy, xbj is the Bjorken-x, Q
2 is the photon virtuality and zf is a
scaling variable. SIDIS is calculated in the hadron frame, but since the formula are valid in any frame where P and
q are collinear it can be used also in the photoproduction limit Q2 → 0.
In order to take the Q2 → 0 limit we need several steps. First we recover the final lepton and hadron phase space
from the conventional SIDIS integration variables
d3Ph
(2P 0h )(2pi)
3
d3l′
(2l′0)(2pi)3
=
4zfQ
2
(4pi)6x2bjSep
dxbjdQ
2dzfdq
2
T dφdχ . (2)
Here qT = Ph⊥/zf , φ and χ are lepton and hadron azimuthal angles, respectively. Then, we can remove the final
lepton phase space. Next, we simplify the coefficients that enter into the cross section (see e. g. Eq. (52) in [23])
Ak = LµνV
µν
k
Q2
, (3)
where Lµν is the leptonic tensor and Vµνk are defined in Eq. (49) of Ref [23]. For a real photon we replace Lµν with
e2
q4
Lµν →
∑
λ
µ(q, λ)
∗
ν(q, λ)→ −g⊥µν , (4)
where g⊥µν is the transverse part of gµν . This simplifies Ak so that A1 = 2Q2/e2, A2 = −2Q2/e2 while the rest
Ak = 0 with k = 3, 4. Finally, we also replace the incident flux pre-factor 1/(2Sep) with 1/(2S) where S ≡ (q + P )2.
For later convenience, we introduce the remaining Mandelstam variables: T ≡ (P −Ph)2 and U ≡ (q−Ph)2. Likewise,
on the parton level we will use: sˆ ≡ (q+xP )2 = xS, tˆ ≡ (xP −Ph/z)2 = xT/z, uˆ ≡ (q−Ph/z)2 = U/z, where x is the
light-cone momentum fractions for the initial state parton and z is the momentum fraction of the outgoing hadron.
Using the above replacements in the Q2 → 0 limit we obtain the unpolarized pγ → hX cross section from Eq. (54)
in [23]. We find
dσ
d2Ph⊥dyh
=
8αemαs
zfS
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z
δ
(
q2T +
(
1− 1
zˆ
)
sˆ
)
×
∑
a
e2a
[
fa(x, µ
2)Dh/a(z, µ
2)σˆqq1 + fg(x, µ
2)Dh/a(z, µ
2)σˆqg1 + fa(x, µ
2)Dh/g(z, µ
2)σˆgq1
]
=
8αemαs
S
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z2
δ
(
sˆ+ tˆ+ uˆ
)
×
∑
a
e2a
[
fa(x, µ
2)Dh/a(z, µ
2)σˆqq1 + fg(x, µ
2)Dh/a(z, µ
2)σˆqg1 + fa(x, µ
2)Dh/g(z, µ
2)σˆgq1
]
,
(5)
where fa(x, µ
2) are the parton distribution functions of a particular flavor a, while Dh/a(z, µ
2) are the parton-to-
hadron unpolarized fragmentation functions evaluated at the scale µ2. In the numerical calculations performed in
Sec. IV we use µ2 = P 2h⊥. We have used d
3Ph/(2P
0
h ) = d
2Ph⊥dyh/2 to rewrite the outgoing hadron phase space
in terms of its transverse momenta Ph⊥ and the rapidity yh. Also, here and in the rest of the paper we have
xmin =
zf
1−zf
q2T
S = −U/(T +S) and zmin = zf
(
1 +
q2T
S
)
= −(T +U)/S and zˆ = zf/z. To get the second line of (5) we
have used that zˆ = −tˆ/sˆ and q2T = sˆuˆ/tˆ. The relevant hard factors, see Eqs. (57)-(59) in [23], in the Q2 → 0 limit are
σˆqq1 = 2CF
(
1
zˆ
sˆ
q2T
+ zˆ
q2T
sˆ
)
= 2CF
1 + (1− zˆ)2
1− zˆ = −2CF
(
sˆ
uˆ
+
uˆ
sˆ
)
,
σˆqg1 =
1
zˆ2
sˆ
q2T
− 2 = 1
1− zˆ
(1− zˆ)2 + zˆ2
zˆ
=
tˆ
uˆ
+
uˆ
tˆ
,
σˆgq1 = 2CF
(
1− zˆ
zˆ2
sˆ
q2T
+
zˆ2
1− zˆ
q2T
sˆ
)
= 2CF
1 + zˆ2
zˆ
= −2CF
(
sˆ
tˆ
+
tˆ
sˆ
)
,
(6)
3where CF = (N
2
c − 1)/(2Nc). In the second equality in Eq. (6) we used the δ-function constraint in (5).
We take qµ = (ω, 0, 0,−ω), and Pµ = (√s/2, 0, 0,√s/2), where ω is the photon energy and s is the center of mass
energy of the pA collision per nucleon. We get S = 2ω
√
s. To get the cross section in pA UPC we need to multiply
the above pγ → hX cross sections by the photon flux dN/dω
dσpA
d2Ph⊥dyh
=
∫ ∞
0
dω
dN
dω
dσ
d2Ph⊥dyh
, (7)
where
dN
dω
=
2Z2αem
piω
[
ξK0(ξ)K1(ξ)− ξ
2
2
(K21 (ξ)−K20 (ξ))
]
, (8)
with ξ = ω
Rp+RA
γ and γ =
√
s
2MN
, where Rp and RA are the charge radii of the proton and the nuclei and MN is the
proton mass.
We close this section with a comment on the kinematics of the UPC channel. We have zf = (p · Ph)/(p · q) =
1
2
Ph⊥
ω e
−yh , where yh is the rapidity of the hadron. The integration over x starts from xmin. Requiring that xmin > 0
leads to a condition 1− zf > 0 which gives ω > Ph⊥e−yh/2. Requiring xmin < 1 leads to a stronger condition
ω > ωmin ≡
1
2Ph⊥e
−yh
1− Ph⊥√
s
eyh
. (9)
Finally, note that going to arbitrarily forward region is not possible because the denominator has to be positive.
Going to arbitrarily backward region brings a strong suppression on the cross section because the photon flux drops
exponentially with large ω.
III. SPIN DEPENDENT CROSS SECTION
In this Section we write down the main analytical formulas for the spin dependent p↑γ → piX cross section. The
formula for the p↑A → piX cross section then follows by multiplying with the photon flux (8), as was done for the
unpolarized cross section in Eq. (7). The formulas we obtained cover the complete twist-3 collinear contributions
that includes the twist-3 quark-gluon correlations, the twist-3 gluon correlations as well as the twist-3 fragmentation
contribution. As in the previous section, we use the already known SIDIS results and take the Q2 → 0 limit. The twist-
3 quark-gluon and the twist-3 gluon contributions are collected in the Appendix A, while the twist-3 fragmentation
contribution is elaborated in the following.
The twist-3 fragmentation contribution to the polarized SIDIS cross section was calculated in [22, 24–27] - we will
use the notation in [27]. The relevant cross section, see Eq. (69) in [27], in the Q2 → 0 limit is
d∆σfrag
d2Ph⊥dyh
=
4αemαsMh
S
sin(ΦS − χ)
∑
k=1,2
A˜k
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z2
δ
(
sˆ+ tˆ+ uˆ
)∑
a
e2ah
a
1(x, µ
2)
[
− H
a(z, µ2)
z
∆σˆ1k
+ 2
d
d(1/z)
(
H
⊥(1),a
1 (z, µ
2)
z
)
∆σˆ2k + 2H
⊥(1),a
1 (z, µ
2)∆σˆ3k − 4
∫ ∞
z
dz′
z′2
P
(
1
1/z − 1/z′
)
ImHˆaFU (z, z
′, µ2)∆σˆ4k
]
,
(10)
where ΦS is the azimuthal angle of the proton spin, Mh is hadron mas, A˜1 = 2 and A˜2 = −2. Here ha1(x, µ2) is
the quark transversity, and Ha(z, µ2), H
⊥(1),a
1 (z, µ
2) and ImHˆaFU (z, z
′, µ2) are the so-called intrinsic, kinematical
(first k⊥-moment of the Collins function [32]), and the dynamical twist-3 fragmentation functions [33], respectively,
evaluated at the scale µ2, for which we adopted a notation in e. g. [11, 34]. In the numerical calculations in Sec. IV
we use µ2 = P 2h⊥. The correspondence to the notation in [27] is established as (omitting the quark flavor index)
H(z, µ2) = −MN
Mh
eˆ1¯(z, µ
2) , H
⊥(1)
1 (z, µ
2) =
MN
2Mh
Ime˜(z, µ2) , ImHˆFU (z, z
′, µ2) =
MN
2Mh
ImEˆF (z
′, z, µ2) . (11)
4The relevant hard factors, see Eqs. (72)-(102) in [27], in the Q2 → 0 limit are
∆σˆ11
qT
= −4CF
q2T
(−2 + 3zˆ) = 4CF tˆ
sˆuˆ
(
2 + 3
tˆ
sˆ
)
,
∆σˆ12
qT
= −∆σˆ
1
2
qT
=
∆σˆ42
2qT
= −8CF zˆ
q2T
= 8CF
tˆ2
sˆ2uˆ
,
∆σˆ21
qT
= −4CF
q2T
= −4CF tˆ
sˆuˆ
,
∆σˆ22 = 0 ,
∆σˆ31
qT
=
4CF
q2T
(−1 + 3zˆ) = −4CF tˆ
sˆuˆ
(
1 + 3
tˆ
sˆ
)
,
∆σˆ41
qT
=
2CF
q2T
(−1 + 3zˆ) + 2
q2T
1
zˆ − zˆ′
(
− 1
Nc
+ zˆNc
)
= −2CF tˆ
sˆuˆ
(
1 + 3
tˆ
sˆ
)
+
2
z(1/z − 1/z′)
1
uˆ
(
1
Nc
+Nc
tˆ
sˆ
)
.
(12)
The twist-3 fragmentation functions are not independent, rather they satisfy a set of relations
Ha(z, µ2) = −2zH⊥(1),a1 (z, µ2)− 2z
∫ ∞
z
dz′
z′2
P
(
1
1/z′ − 1/z
)
ImHˆaFU (z, z
′, µ2) ,
−Ha(z, µ2) = d
d(1/z)
(
H
⊥(1),a
1 (z, µ
2)
z
)
+
2
z
∫ ∞
z
dz′
z′2
P
(
1
(1/z − 1/z′)2
)
ImHˆaFU (z, z
′, µ2) .
(13)
where the first equation is called the QCD equation of motion relation [25, 26], while the second is the Lorentz
invariance relation [34]. Using the relations (13) we find two simplifications in the cross section. First, they allow us
to completely remove the terms in the cross section (10) containing integrals over z′. As a side comment, note that
such a simplification is specific to the Q2 → 0 limit of the SIDIS cross section: for a general Q2 6= 0, and owing to a
more complicated z′ dependence of the SIDIS hard factors, (13) are insufficient to eliminate the z′ integrals. Second,
we find that the contribution with k = 2 vanishes (similar as in the case of the twist-3 quark-gluon and the twist-3
gluon contribution), so that the final expression for the cross section becomes
d∆σfrag
d2Ph⊥dyh
=
8MhPh⊥αemαs
S
sin(ΦS − χ)
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z3
δ
(
sˆ+ tˆ+ uˆ
)
×
∑
a
e2ah
a
1(x, µ
2)
[(
H
⊥(1),a
1 (z, µ
2)− z dH
⊥(1),a
1 (z, µ
2)
dz
)
∆σˆ1 +
Ha(z, µ2)
z
∆σˆ2
]
,
(14)
where
∆σˆ1 ≡ 4
Nc
1
tˆ
,
∆σˆ2 ≡ − 2
uˆ
(
Nc +
1
Nc
sˆ− uˆ
tˆ
)
.
(15)
IV. NUMERICAL RESULTS
In this Section we show the numerical results of our calculation. We consider the following quantity
AN ≡ 1
2
d∆σp↑A − d∆σp↓A
dσpA
(16)
where dσpA is given by (5) (with appropriate convolutions with the photon flux), and d∆σp↓A = −d∆σp↑A. We also
choose the standard convention sin(Φs − χ) = +1, so that with an incoming proton in the +z direction and spin in
the y direction d∆σp↑A (d∆σp↓A = −d∆σp↑A) is the cross section for hadron emission in the +x (−x), or left (right),
direction. The result will be plotted as a function of the Feynman-xF variable
xF ≡ 2P
3
h√
s
=
2Ph⊥ sinh yh√
s
. (17)
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FIG. 1: AN as a function of Ph⊥ for pi+, pi− and pi0 and for several values of xF at
√
s = 200 GeV.
A recent analysis of the experimental data for p↑p → piX in the forward region (xF > 0) [10, 11] indicates that
the dominant contribution to single spin asymmetry originates from the twist-3 fragmentation contribution, while
the quark-gluon contribution and the tri-gluon contribution are small. We thus only include the fragmentation
contribution (14) in the numerator of (16) and use the recent extraction of the twist-3 fragmentation functions (and
transversity) from [29]. Our calculation scheme follows [29]. For the unpolarized PDFs we use the central CTEQ10 set
[35]. We use the central DSSV unpolarized fragmentation functions Dpi/a(z, µ
2) [36] at the scale µ2. We numerically
solve the QCD evolution equations for the twist-3 fragmentation functions and the transversity. While the evolution
equation for ha1(x, µ
2) is rather simple, evolution of H
⊥(1),a
1 (z, µ
2) includes also a contribution from ImHˆaFU (z, z
′, µ2).
Following the suggestion in [29] we use a simplified setup assuming the contribution fromH
⊥(1),a
1 (z, µ
2) in the evolution
equation is small. In this approximation, the evolution equation for zH
⊥(1),a
1 (z, µ
2) becomes identical to the one for
ha1(x, µ
2). Using the initial conditions1 from [29] we have solved the resulting evolution equations using the numerical
method from [38]. The obtained results agree with [29]2. We also use the Wilczek-Wandzura approximation [39]:
Ha(z, µ2) = −2zH⊥(1),a1 (z, µ2), as in Ref. [11] so that the final numerical result for the cross section is completely
determined by H
⊥(1),a
1 (z, µ
2). Finally, we have set µ2 = P 2h⊥ and used MN = 1 GeV, Mh = 0.14 GeV and Rp = 1
fm, RA = 6 fm appropriate for a p
↑Au collision.
The numerical evaluations for AN , as defined in (16), are shown on Fig. 1 as a function of Ph⊥, and for fixed xF ,
while on Fig. 2, in full lines, we show the results as a function of xF for fixed yh, for pi
± and pi0 at
√
s = 200 GeV.
We have used the fragmentation contribution to calculate the polarized cross section (as described in the previous
paragraph), while the unpolarized cross section is given by the first two contributions in Eq. (5).
The results on Fig. 1 demonstrate AN of the order of a few percent with AN negative for pi
+ and pi0 and positive
for pi−. The largest AN is found for pi+, while for pi0 it is about a factor of two smaller than for pi+. Additionally, AN
shows a mild Ph⊥ dependence and an overall increase in magnitude with xF for all charges as seen from Fig. 1 and
also summarized on Fig. 2 (full lines). The results bear some qualitative similarity to the typical SIDIS results, see
e. g. Fig. 5 in [40]. The monotonic increase of AN with xF is typical also for p
↑p collisions, however the magnitude
of AN in p
↑p is about 10 percent. On the other hand, in p↑p collisions AN > 0 for pi+ and pi0, while AN < 0 for pi−,
which is the opposite to the case of UPC. This difference is due to the additional t-channel gluon exchanges in the
qg contribution, dominating the high energy pp cross section, while such analogous contributions are absent in the qγ
contribution to the UPC cross section.
To expand on this sign difference, we use the QCD equation of motion relation (first Eq. (13)) to write the
1 The initial condition in [29] for transversity is parametrized in terms of quark helicity distribution and we utilize the NLO DSSV
extraction [37] as in [29].
2 Ref. [29] presented numerical solutions for the evolution of the twist-3 fragmentation function Hˆ(3),a(z, µ2) = −2zMhH⊥(1),a1 (z, µ2),
where we used Eq. (11) in the last equality.
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FIG. 2: AN as a function of xF for pi
+, pi− and pi0 at yh = 3.0 and
√
s = 200 GeV. The total contribution and the contribution
from the third term in Eq. (18) are shown by full and dashed lines, respectively.
fragmentation contribution to the polarized cross section Eq. (10) as
d∆σfrag
d2Ph⊥dyh
=
8MhPh⊥αemαs
S
sin(ΦS − χ)
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z3
δ
(
sˆ+ tˆ+ uˆ
)∑
a
e2ah
a
1(x, µ
2)
×
[(
H
⊥(1),a
1 (z, µ
2)− z dH
⊥(1),a
1 (z, µ
2)
dz
)
∆σˆH⊥1 +
Ha(z, µ2)
z
∆σˆH
+
2
z
∫ ∞
z
dz′
z′2
P
(
1
(1/z − 1/z′)2
)
ImHˆaFU (z, z
′, µ2)∆σˆHˆFU
]
,
(18)
where
∆σˆH⊥1 = 2∆σˆH ≡ 8CF
1
uˆ
, ∆σˆHˆFU ≡
4
uˆ
(
1
Nc
sˆ
tˆ
+Nc
)
. (19)
Eq. (18) has an identical structure (apart from the overall numerical coefficient and the explicit form of the hard
factors) as in p↑p collisions, see Eq. (9) in [11]. Ref. [11] found that the third term in their Eq. (9), gives the largest
contribution to AN . On Fig. 2 we plot the corresponding contribution in p
↑A UPC, which is the third term in
Eq. (18). Unlike in the p↑p case, it is seen from Fig. 2 that this term contributes to AN with an opposite sign from
the remaining terms in the cross section and also that it gets completely overcompensated by the remaining terms.
Lastly, we study the nuclear dependence of AN . On Fig. 3 we focus on pi
+ and reduce RA from the original value
RA = 6Rp to RA = 3Rp and RA = Rp, with the last two choices appropriate for a p
↑Al and p↑p UPCs, respectively.
We find that AN decreases in magnitude by decreasing RA. The quantitative effect is, however, rather small, as the
nuclear dependence, to a large extent, cancels in the ratio.
V. CONCLUSIONS
We have studied single spin asymmetries in ultra-peripheral p↑A collisions. We have provided a set of formulas
for unpolarized and transversely polarized p↑A → piX cross section. The final expressions for the polarized cross
section, contained in Eqs. (A1), (A4), (A6) and (14), describe the twist-3 quark-gluon, twist-3 gluon and the twist-3
fragmentation contribution, respectively, thus fully accounting for all the known sources of single spin asymmetries
within the twist-3 collinear framework. While these results are straightforward adaptations of the Q2 → 0 limit in
SIDIS, the explicit expressions turn out to be rather simple, demonstrating the advantage of the UPC channel as a
new probe of the distribution functions of the polarized proton.
In order to illustrate the potential of the UPC channel we have performed a numerical calculation of the SSA
in the forward region at
√
s = 200 GeV. We assumed that the dominant source to the asymmetry is the twist-3
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FIG. 3: AN as a function of xF for pi
+ at yh = 3.0 and
√
s = 200 GeV. The three different curves stand for the choices for the
radii of the nuclei RA.
fragmentation contribution. While this assumption seems to be supported by the calculation in p↑p collisions [10, 11],
we can check it with the UPC channel. Using the central values of the most recent extractions of the transversity
distribution and the twist-3 fragmentation functions from [29] our findings point to an asymmetry of the order of a
few percent. A notable feature is that AN for pi
+ (pi−) is negative (positive), in contrast to the pp case where it is
positive (negative) and large. As RHIC is presently conducting polarized pA collisions, this prediction can be tested
by tagging the UPC events. It would be interesting to perform a more complete calculation by adding also the twist-3
quark-gluon contribution. Nevertheless, we hope these first results are encouraging enough for future experimental
extractions of SSA in UPC.
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Appendix A: Twist-3 quark-gluon and twist-3 gluon contributions
In this appendix we collect the main formulas for the twist-3 quark-gluon and the twist-3 gluon contribution to the
cross section of the p↑γ collision. The relevant formula for the twist-3 quark-gluon contribution to the SIDIS cross
section was calculated in [22, 23], and below we follow the notation from [23]. We first concentrate on the contribution
from the Qiu-Sterman function GF (x, y, µ
2), which is also the first k⊥-moment of the Sivers function, see Sec. 2.1
in [23] for the explicit definition. The relevant cross section, see Eq. (80) (Eq. (85)) in [23] for the quark (gluon)
fragmentation channel, in the Q2 → 0 limit is
d∆σVqq¯g
d2Ph⊥dyh
= −2piMNPh⊥αemαs
S
sin(ΦS − χ)
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z3
δ
(
sˆ+ tˆ+ uˆ
)
×
∑
a
e2a
{[
δaDh/q(z, µ
2)σˆV qD1 +Dh/g(z, µ
2)σˆV gD1
] [
x
d
dx
GaF (x, x, µ
2)−GaF (x, x, µ2)
]
+ δa
[
Dh/q(z, µ
2)
(
σˆV qH1 + σˆ
V q
F1
)
+Dh/g(z, µ
2)
(
σˆV gH1 + σˆ
V g
F1
)]
GaF (0, x, µ
2)
}
,
(A1)
where δa = 1 for quark and δa = −1 for antiquark. The relevant hard factors, see Eqs. (81)-(84) and Eqs. (86)-(89)
in [23] (for convenience, we have divided the original expressions by qT zˆ, while keeping the same notation), in the
8Q2 → 0 limit are
σˆV qD1 = −σˆV qG1 =
4
Nc
1
sˆ
1 + (1− zˆ)2
zˆ(1− zˆ)2 = −
4
Nc
sˆ
tˆuˆ
(
sˆ
uˆ
+
uˆ
sˆ
)
,
σˆV qH1 =
8
sˆ
1
zˆ(1− zˆ)2
(
CF zˆ +
1
2Nc
)
=
4sˆ
tˆuˆ
(
Nc
tˆ
uˆ
+
1
Nc
)
,
σˆV qF1 =
4
Nc
1
tˆ
,
(A2)
σˆV gD1 = −σˆV gG1 = −
4Nc
sˆ
1 + zˆ2
zˆ2(1− zˆ) = −4Nc
sˆ
tˆuˆ
(
sˆ
tˆ
+
tˆ
sˆ
)
,
σˆV gH1 =
8
sˆ
1
zˆ2(1− zˆ)
[
CF (zˆ − 1)− 1
2Nc
]
= − 4
Nc
sˆ
tˆuˆ
(
N2c
uˆ
tˆ
+ 1
)
,
σˆV gF1 =
4
Nc
1
sˆ
1
(1− zˆ) = −
4
Nc
1
uˆ
.
(A3)
Next, we write the contribution from the Qiu-Sterman function G˜F (x, y). The relevant cross section, see Eq. (90)
in [23], in the Q2 → 0 limit is
d∆σAqq¯g
d2Ph⊥dyh
= −2piMNPh⊥αemαs
S
sin(ΦS − χ)
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z3
δ
(
sˆ+ tˆ+ uˆ
)
×
∑
a
e2aδa
[(
σˆAqH1 + σˆ
Aq
F1
)
Dh/a(z, µ
2) +
(
σˆAgH1 + σˆ
Ag
F1
)
Dh/g(z, µ
2)
]
G˜aF (0, x, µ
2) .
(A4)
where the relevant hard factors, see Eqs. (91)-(94) in [23] (divided by qT zˆ in our notation), in the Q
2 → 0 limit are
σˆAqH1 = σˆ
V q
H1 ,
σˆAqF1 =
zˆ2
(1− zˆ)2 σˆ
V q
F1 =
tˆ2
uˆ2
σˆV qF1 ,
σˆAgH1 = σˆ
V g
H1 ,
σˆAgF1 = σˆ
V g
F1 .
(A5)
The complete contribution is obtained by summing (A1) and (A4).
The twist-3 gluon contribution to the SIDIS cross section was calculated in [28, 41] and we use the notation from
[28]. The formula takes into account the twist-3 distributions N(x, y, µ2) and O(x, y, µ2). Taking the Q2 → 0 and
m2c → 0 limit in Eq. (68) in [28], we find
d∆σggg
d2Ph⊥dyh
= −2piMNPh⊥αemαs
S
sin(ΦS − χ)
∫ 1
xmin
dx
x
∫ 1
zmin
dz
z3
δ
(
sˆ+ tˆ+ uˆ
)∑
a
e2aDh/a(z, µ
2)
×
{
δa
[
d
dx
O(x, µ2)− 2O(x, µ
2)
x
]
+
[
d
dx
N(x, µ2)− 2N(x, µ
2)
x
]}
∆σˆg ,
(A6)
where δa = +1(−1) for quark (antiquark) and where the relevant hard factors, see Eqs. (71)-(74) in [28] (divided by
qT zˆ in our notation), in the Q
2 → 0 limit are
∆σˆg =
8
sˆ
(1− zˆ)2 + zˆ2
zˆ2(1− zˆ)2 =
8sˆ
tˆuˆ
(
uˆ
tˆ
+
tˆ
uˆ
)
. (A7)
We also introduced the notation O(x, µ2) ≡ O(x, x, µ2) + O(x, 0, µ2), N(x, µ2) ≡ N(x, x, µ2) − N(x, 0, µ2) where
O(x, y, µ2) (N(x, y, µ2)) is the C-odd (C-even) twist-3 gluon distribution. It is interesting to note that in the Q2 → 0
limit the cross section depends only on these specific linear combinations. This is not the case in generic situations
[28]. While N(x, y, µ2) is related to the first k⊥-moment of the gluon Sivers function, O(x, y, µ2) is related to the
polarized odderon [42]. Eq. (A6) could be used to directly extract O(x, µ2) in UPC with backward jet production.
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